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Important progress on terahertz quantum cascade lasers (QCLs) has been achieved in the last few years leading to long wavelength 1 , high power 2 , low current operation 3 , and working temperatures up to 178K 4 . In order to realize further improvements, a better understanding of the gain formation mechanism, and its limiting factors are needed. To this end it is necessary to perform detailed measurements of the gain including its spectral shape. Previous studies have been performed for mid-infrared
QCLs. For these measurements, electro-luminescence from a non-lasing cavity is coupled
into an adjacent cavity that shows laser action. 5 However, in the terahertz regime such electro-luminescence based studies are difficult, because of the reduced spontaneous emission at longer wavelengths. Electro-luminescence from the laser cavity has also been used to provide information on upper state lifetimes of terahertz QCLs. 6 In this case to avoid the effect of laser emission, the electro-luminescence from the laser cavity must be collected from a cleaved edge running though the middle of the laser. 7 Multiple probe pulses coupled into the QCL's end facets can also be used to investigate the temporal dynamics of the gain. Coherent population transfer and gain saturation have been observed with this technique at mid-infrared frequencies. 8, 9 Recently, terahertz timedomain spectroscopy (TDS) has been shown to be a powerful technique to measure the gain spectra in terahertz QCLs. 10, 11, 12 Here, a broadband terahertz probe pulse is coupled into the QCL, and the electric field of the transmitted pulses is measured using electrooptic sampling. 13 In this letter terahertz TDS is used to investigate the line-width of the spectral gain as a function of current density. Two terahertz QCLs lasers with different bound-tocontinuum designs are studied. One laser emits at 2.1THz 14 and the other emits at 2.9THz. 15 For both devices, as the current density is increased from threshold, we observe a monotonic decrease of the full width at half maximum (FWHM) of the gain. After the 4 laser reaches maximum power, this gain narrowing increases sharply, until laser action ceases. By calculating the band structure for different bias fields, we show the gain narrowing is a consequence of a misalignment of the upper state of the laser transition with the injector miniband.
The 2.1THz (2.9THz) sample has an active region thickness of 14µm (12µm), and a ridge width of 230µm (212µm). Details on the design, processing, and performance can be found elsewhere. 14, 15 Samples were cleaved into 3mm long laser bars. In order to improve heat sinking, all samples are bonded with indium to Au-coated copper holders which are then mounted onto a cold finger of a continuous flow helium cryostat.
The terahertz probe pulses are generated using an inter-digitated photoconductive A great advantage of this technique is that, the phase of the emitted QCL radiation is not locked in time with respect to the femtosecond probe beam; therefore no electrooptic signal is detected from the QCL emission. This allows investigations into the spectral gain below as well as above threshold. This would not be possible with an intensity-based detection technique, since the QCL emission impinging on the detector would be several orders of magnitude greater than the terahertz probe pulses.
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The QCL is modulated with 10µs electrical pulses with a period of 40µs. The inter-digitated antenna is modulated with 10µs electrical pulses with a period of 20µs, such that the QCL was on and then off for every other antenna pulse. This allows the difference between the THz electric fields with the QCL on and off (the difference field), to be measured. The gain spectra can then be derived using the difference field and a reference field. decreases. This can also be seen in the inset of figure 1b) which shows the Fourier transform of the difference field. Besides the main peak at 2.1THz, a shoulder near 1.6-1.7THz is present. It appears to be an artifact of a small dip in the reference pulse near 1.6THz. A broad absorption feature for frequencies greater then 2.5THz is also present. Figure 2a shows the V-I and L-I curves of the 2.1 THz laser. Below, figure 2b shows the gain at the laser frequency and the FWHM of the gain as a function of current density. Below threshold the gain of the laser increases sharply after 60A/cm 2 as the structure begins to align. The measured gain clamps near threshold (93 A/cm 2 ) at 11cm figure 4a , and is weakly coupled to them, indicating non-optimal injection efficiency.
As the applied bias is increased the injector miniband is shifted to higher energies with respect to the upper laser states. For some bias, the laser state will be aligned with the lowest energy state of the injector miniband (the injector state) as shown in figure e.
In figure 4b at a bias field of 1.9kV/cm, the laser state is strongly coupled to the injector state. 17 Indeed it is difficult to distinguish between the injector and laser states in figure   4b . The strong coupling between the laser and injector states corresponds to resonant current injection 18 into the upper laser level (i.e. the fastest pumping rate), and the maximium emitted power from the QCL.
For bias fields greater than the optimum bias, the injector miniband moves above the upper laser state, as shown in figure 4f . This results in a misalignment of the structure, a decrease in the injection efficiency, and hence a drop in the emitted QCL power. This is shown in figure 4c for a field of 2.3kV/cm, where the laser state is below the injector state, and the injector and laser states have become uncoupled. Indeed, the oscillator strength between the injector and the lower laser state (labeled g in figure 4a , b, and c) 8
decreases from a maximum of 10 at a field of 1.9kV/cm to less than 3 at 2.3kV/cm, while the oscillator strength between the upper and lower laser state changes from 17 at 1.9kV/cm to 24 at 2.3kV/cm. Thus for bias fields higher then the optimal injection (i.e. maximum power), shown in figure 4b, a single upper laser state contributes to the gain.
Therefore the observed narrowing of the spectral gain width after maximum power (i.e. beyond 1.9kV/cm -shown in figure 4b ) is attributed to the formation of single upper laser level. This is in contrast to lower biases, where several highly coupled levels will contribute to the lasing transition. The energy splitting between the strongly coupled levels will increase the width of spectral gain vis-a-vis a single upper laser state.
Bandstructure simulations of the 2.9THz QCL show a similar effect explaining the comparable decrease in linewidth after maximum laser emission is reached.
The broad absorption beyond 2.5THz for the 2.1THz QCL (figure 1b) could be due to transtions from the upper lasing states to the first excited miniband levels (not shown in Figure 4 ). These features are, however, at the limit of our measuring technique, which only has a spectral response to ~3.3THz.
In conclusion, narrowing of the gain spectrum with increasing current density has been observed above laser threshold in 2.1THz and 2.9THz bound-to-continuum quantum cascade lasers. The gain narrowing increases sharply after the maximum lasing power is reached, and the linewidth of the gain reaches a minimum when laser action ceases. The narrowing of the gain spectra is explained in term of the coupling between the upper laser state and states in the injector miniband. For low biases the upper laser state couples to several minbands states, whose energy separation augments the linewidth of the lasing transition. For higher biases, where the structure begins to misalign, the upper laser state is only weakly coupled to the injector miniband, and the laser transition arises from a single state. These results demonstrate that terahertz time domain spectroscopy, due to its 9 insensitivity to the laser emission, is a powerful tool for investigating the internal bandstructure alignment of QCLs. These investigations should have an impact on future QCL designs as well as an increased understanding of the injector-laser state coupling. 
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